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Abstract. The aim of this paper is to introduce Hom-Novikov color algebra and give some construc-
tions of Hom-Novikov color algebras from a given one and a (weak) morphism. Other interesting
constructions using averaging operators, centroids, derivations and tensor product are given. We
also proved that any Hom-Novikov color algebra is Hom-Lie admissible. Moreover, we introduce
Hom-quadratic Hom-Novikov color algebras and provide some properties by twisting. It is also
shown that the Hom-Lie color algebra associated to a given quadratic Hom-Novikov color algebra
is also quadratic.
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1 Introduction
Novikov algebras are algebraic structures such that the left operator multiplication form a Lie al-
gebra and the right operator multiplication are commutative. They were introduced by Balinskii
and Novikov in the studies of Hamiltonian operators and Poisson bracket with hydrodynamic type
[10, 17]. The theoretical study of Novikov algebras was started by Zel’manov [39] and Filipov [19].
And the term “Novikov algebras” was first used by Osborn [29]. Novikov algebras are connected to
many areas of mathematical physics and geometry including Lie groups [4], Lie algebras [5, 6, 14],
affine manifolds [23], convex homogeneous cones [33], rooted tree algebras [15], vector fields [13],
and vertex and conformal algebras [12, 22]. In particular, they are Lie-admissible algebras, which
are important in some physical applications, such as quantum mechanics and hadronic structures
[26, 27, 28, 32]. Tortken algebras [18] are defined by a polynomial identity of degre four. Among
other results, the author of [18] prove that the Jordan product on any Novikov algebra satisfies the
Tortken identity. This result has been extended to the color case by Gao X. and Xu L. in [20].
Hom-Lie algebras originate from the work of Hartwig J., Larsson D. and Silvestrov S. in [21]
but Hom-associative algebras was first introduced by Makhlouf A. and Silvestrov S. in [24] as the
twisted version of Hom-Lie algebras and Hom-associative algebras repectively.
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A twisted generalization of Novikov algebras were introduced in [36], [35] and studied by Yuan
L. and You H. in [38] and called Hom-Novikov algebras. Yau D. [36] shown that Hom-Novikov
algebras can be obtained from Novikov algebras by twisting along any algebra endomorphisms. He
computed all algebra endomorphisms on complex Novikov algebras of dimensions two and three,
and described explicitly their associated Hom-Novikov algebras. A construction due to Dorfman
and Gel’fand is used to give constructions of Hom-Novikov from Hom-commutative algebras to-
gether with a derivation. Two other classes of Hom-Novikov algebras are constructed from Hom-Lie
algebras together with a suitable linear endomorphism, generalizing a construction due to Bai and
Meng
Hom-type algebraic structures of many other classical structures were studied such as G-Hom-
associative algebras [25], Hom-alternative algebras, Hom-Malcev algebras and Hom-Jordan alge-
bras [37], and Constructions of n-Lie algebra and Hom-Nambu-Lie algebras [3].
Classical (or ordinary) algebras were extended to generalized (or color or graded) algebras.
Many works has been done in this direction, among which one can cite : Simple Jordan color al-
gebras arising from associative graded algebras [11], Representations and cocycle twists of color
Lie algebras [16], Derivations and extensions of Lie color algebras [30], On the classification of 3-
dimensional coloured Lie algebras [31]. These structures are well-known to physicists and to math-
ematicans studying differential geometry and homotopy theory. They were extended to the Hom-
setting by studying Hom-Lie superalgebras, Hom-Lie admissible superalgebras in [1] and Hom-Lie
color algebras [34]. Modules over color Hom-Poisson algebras were introduced in [7]. Some color
Hom-algebras, such as Hom-associative color algebras, Hom-Lie color algebras, Hom-dendriform
color algebras, Hom-left-symmetric color algebras, Hom-Leibniz-Poisson color algebras and Hom-
Poisson color algebras were studied in [8] under the name of generalized Hom-algebras. Moreover,
some other color algebra structures, such as tridendriform color algebras, pre-Poisson color alge-
bras, post-Poisson color algebras, Hom-associative color (di)algebras, Hom-left-symmetric color
dialgebras, were studied in [9].
The purpose of this paper is to give various constructions of Hom-Novikov color algebras and
Hom-quadratic Hom-Novikov color algebras. The paper is organized as follows. In section two, we
recall basic notions concerning Hom-associative color algebras, Hom-Lie color algebras, averaging
operators and centroids. In section three, we deal with Hom-Novikov color algebras. We provide
some constructions of Hom-Novikov color algebras by twisting. We point out that the direct sum of
two Hom-Novikov algebras is also a Hom-Novikov algebra and the tensor product of a commutative
Hom-associative color algebra and a Hom-Novikov color algebra is a Hom-Novikov color algebra.
We also prove that any Hom-Novikov color algebra is Hom-Lie admissible. In section four, we in-
troduce Hom-quadratic Hom-Novikov color algebras. We prove that Hom-quadratic Hom-Novikov
color algebras are closed under twisting. We also show that any quadratic Hom-Novikov color
algebra carries a structure of quadratic Hom-Lie color algebra.
Let us fix some notations and conventions :
i) ∑x,y,z means cyclic summation.
ii) Throughout this paper, all graded vector spaces are assumed to be over a field K of charac-
teristic different from 2.
2 Preliminaries
In this section, we give the definitions of Hom-associative color algebras, Hom-Lie color algebras,
averaging operators, centroids and Rota-Baxter Hom-Lie color algebra.
Definition 2.1. 1) Let G be an abelian group. A vector space V is said to be a G-graded if, there
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exists a family (Va)a∈G of vector subspaces of V such that
V =
⊕
a∈G
Va.
2) An element x ∈ V is said to be homogeneous of degree a ∈G if x ∈ Va. We denote H(V) the
set of all homogeneous elements in V .
3) Let V =⊕a∈GVa and V ′ =⊕a∈GV ′a be two G-graded vector spaces. A linear mapping f : V →V ′
is said to be homogeneous of degree b if
f (Va) ⊆ V ′a+b,∀a ∈G.
If, f is homogeneous of degree zero i.e. f (Va) ⊆ V ′a holds for any a ∈ G, then f is said to be
even.
Remark 2.2. Let V = ⊕a∈GVa and V ′ = ⊕a∈GV ′a be two G-graded vector spaces. The tensor product
V ⊗V ′ is also a G-graded vector space such that for α ∈G, we
(V ⊗V ′)α =
∑
α=a+a′
Va⊗Va′ .
Definition 2.3. Let G be an abelian group. A map ε : G ×G → K∗ is called a skew-symmetric
bicharacter on G if the following identities hold,
(i) ε(a,b)ε(b,a) = 1,
(ii) ε(a,b+ c) = ε(a,b)ε(a,c),
(iii) ε(a+b,c) = ε(a,c)ε(b,c),
a,b,c ∈G,
Remark 2.4. Observe that ε(a,0) = ε(0,a) = 1, ε(a,a) =±1 for all a ∈G, where 0 is the identity of G.
If x and y are two homogeneous elements of degree a and b respectively and ε is a skew-
symmetric bicharacter, then we shorten the notation by writing ε(x,y) instead of ε(a,b).
Definition 2.5. By a color Hom-algebra we mean a quadruple (A, ·, ε,α) in which A is a G-graded
vector space i.e. A =
⊕
a∈G Aa, · : A× A → A is an even bilinear map i.e. Aa · Ab ⊆ Aa+b, for all
a,b ∈G, ε : G×G → K∗ is a bicharacter and α : A → A is an even linear map.
If in addition x · y = ε(x,y)y · x, for any x,y ∈ H(A), the color Hom-algebra (A, ·, ε,α) is said to
be ε-commutative.
Definition 2.6. A derivation of degree d ∈ G on a color Hom-algebra (A, ·, ε,α) is a linear map
D : A → A such that for any homogeneous element x and any y ∈ A one has
D(x · y) = D(x) · y+ ε(d, x)x ·D(y).
In particular, an even derivation D : A → A is a derivation of degree zero i.e. for any homogeneous
elements x,y ∈ A,
D(x · y) = D(x) · y+ x ·D(y).
4 Ibrahima Bakayoko
Definition 2.7. Let (A, ·, ε,α) and (A′, ·′, ε,α′) be two color Hom-algebras. An even linear map
f : (A, ·, ε,α) → (A′, ·′, ε,α′) is called a weak morphism if, for any x,y ∈ A,
f (x · y) = f (x) ·′ f (y).
If in addition f ◦α = α′ ◦ f , f is said to be a morphism of color Hom-algebras.
Definition 2.8. A color Hom-algebra (A, ·, ε,α) is said to be
a) multiplicative if α is a morphism for ·,
b) regular if α is an automorphism for ·,
c) involutive if α2 = idA.
Motivated by the notions of, left and right unit, left and right commutativity, left and right
symmetry, left and right nondegenerate,and so on, we have the following Definition.
Definition 2.9. [9] A left averaging operator (resp. right averaging operator) over a color Hom-
algebra (A, ·, ε,α) is an even linear map β : A → A such that α◦β = β◦α and
β(x) ·β(y) = β(β(x) · y),
(
resp. β(x) ·β(y) = β(x ·β(y))
)
, for all x,y ∈ H(A).
An averaging operator over a color Hom-algebra A is both left and right averaging operator i.e.
β(β(x) · y) = β(x) ·β(y) = β(x ·β(y)).
Similarly,
Definition 2.10. [9] Let (A, ·, ε,α) be a color Hom-algebra. An even linear map β : A → A is said to
be an element of the left centroid (resp. right centroid) if α◦β = β◦α and
β(x · y) = β(x) · y
(
resp. β(x · y) = x ·β(y)
)
, for any x,y ∈ H(A).
An even linear map β : A → A on A which is both an element of the left centroid and an element of
the right centroid is called an element of the centroid i.e.
β(x) · y = β(x · y) = x ·β(y).
Remark 2.11. For ε-commutative and ε-skew-symmetric color Hom-algebras the three notions :
left averaging operator, right averaging operator and averaging operator (resp. left centroid, right
centroid and centroid) coincide.
Definition 2.12. [34] A Hom-associative color algebra is a color Hom-algebra (A, ·, ε,α) such that
α(x) · (y · z) = (x · y) ·α(z), (2.1)
for any x,y,z ∈ H(A).
Remark 2.13. When α = Id, we recover the classical associative color algebra.
This proposition is the color version of ([36] Lemma 4.1).
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Proposition 2.14. Let (A, ·, ε,α) be a commutative Hom-associative color algebra and ξ ∈ A0 (subset
of elements of degre 0). Let us define new operation ∗ : A×A→ A on A by
x∗ y := ξ · (x · y)
for any x,y ∈ H(A). Then A′ = (A,∗, ε,α2) is a Hom-associative color algebra. Moreover, if A is
multiplicative, A′ is also multiplicative.
Proof. The multiplicativity and the ε-commutativity are trivial. Now prove the Hom-associativity
of A′. For x,y,z ∈ H(A),
(x∗ y)∗α2(z) = ξ · [(ξ · (x · y)) ·α2(z)]
= ξ · [α(ξ) · ((x · y) ·α(z))] (by (2.1))
= ξ · [α(ξ) · (α(x) · (y · z))] (by (2.1))
= ξ · [(ξ ·α(x)) ·α(y · z)] (by (2.1))
= ξ · [(α(x) · ξ) ·α(y · z)]
= ξ · [α2(x) · (ξ · (y · z))] (by (2.1))
= α2(x)∗ (y∗ z).
This completes the proof. 
Definition 2.15. [34] A Hom-Lie color algebra is a color Hom-algebra (A, [·, ·], ε,α) such that, for
any x,y,z ∈ H(A),
[x,y] = −ε(x,y)[y, x] (ε-skew-symmetry), (2.2)∑
x,y,z
ε(z, x)[α(x), [y,z]] = 0 (ε-Hom-Jacobi identity). (2.3)
Example 2.16. It is clear that Lie color algebras are examples of Hom-Lie color algebras by setting
α = id . If, in addition, ε(x,y) = 1 or ε(x,y) = (−1)|x||y| , then the Hom-Lie color algebra is nothing
but a classical Lie algebra or Lie superalgebra. The Hom-Lie algebra and Hom-Lie superalgebra
are also obtained when ε(x,y) = 1 and ε(x,y) = (−1)|x||y| respectively. See [34] for other examples.
Definition 2.17. [9] A color Hom-algebra (A,µ,ε,α) is said to be a Hom-Lie admissible color
algebra if, for any hogeneous elements x,y ∈ A, the bracket [·, ·] : A×A→ A defined by
[x,y] = µ(x,y)− ε(x,y)µ(y, x)
satisfies the ε-Hom-Jacobi identity.
Example 2.18. Any Hom-associative color algebra and any Hom-Lie color algebra are Hom-Lie
admissible color algebras.
Definition 2.19. [9] A Rota-Baxter Hom-Lie color algebra of weight λ ∈ K is a Hom-Lie color
algebra (L, [−,−], ε,α) equiped with an even linear map R : L → L that satisfies the identities
R◦α = α◦R, (2.4)
[R(x),R(y)] = R
(
[R(x),y]+ [x,R(y)]+λ[x,y]
)
, (2.5)
for all x,y ∈ H(L).
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Definition 2.20. [8] A color Hom-algebra (S , ·, ε,α) is called a Hom-left-symmetric color algebra
if the following Hom-left-symmetric color identity (or ε-Hom-left-symmetric identity)
(x · y) ·α(z)−α(x) · (y · z) = ε(x,y)
(
(y · x) ·α(z)−α(y) · (x · z)
)
(2.6)
is satisfied for all x,y,z ∈ H(S ).
Lemma 2.21. [9] Let (L, [−,−], ε,α,R) be a Rota-Baxter Hom-Lie color algebra of weight 0. Then
L is a Hom-left-symmetric color algebra with
x∗ y = [R(x),y],
for x,y ∈ H(L).
3 Hom-Novikov color algebras
In this section, we introduce Hom-Novikov color algebra and give some properties. In particular
we show that the ε-commutator of any Hom-Novikov color algebra give rises to Hom-Lie color
algebra.
Definition 3.1. A Hom-Novikov color algebra is a quadruple (A, ·, ε,α) consisting of a G-graded
vector space A, an even bilinear map · : A×A → A, a bicharacter ε : G×G → K∗ and an even linear
map α : A → A satisfying
(x · y) ·α(z) = ε(y,z)(x · z) ·α(y) (3.1)
(x · y) ·α(z)−α(x) · (y · z) = ε(x,y)
(
(y · x) ·α(z)−α(y) · (x · z)
)
, (3.2)
for any x,y,z ∈ H(A).
Remark 3.2. a) When α = idA, we recover Novikov color algebras [20].
b) When A is trivialy graded, we recover Hom-Novikov algebras [36].
c) When α = idA and A is trivialy graded, we recover Novikov algebras [39, 19, 29].
Before giving an example, let us make the following observation : In any commutative Hom-
associative color algebra (A, ·, ε,α), one has, for all x,y,z ∈ H(A),
(x · y) ·α(z) = α(x) · (y · z) = ε(y,z)α(x) · (z · y) = ε(y,z)(x · z) ·α(y). (3.3)
Example 3.3. Any commutative Hom-associative color algebra is a Hom-Novikov color algebra.
The below theorem allow to construct Hom-Novikov color algebras from a given one and a
(weak) morphism.
Theorem 3.4. Let (A, ·, ε,α) be a Hom-Novikov color algebra and let β : A→ A be a weak morphism.
Then
Aβ = (A,β◦ ·,β◦α)
is also a Hom-Novikov color algebra. Moreover, if A is multiplicative and β is a morphism, then Aβ
is also multiplicative.
Proof. It suffises to apply β2 to both side of equations (3.1) and (3.2). The second part is also easy
to show. 
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We have the following consequences.
Corollary 3.5. Let (A, ·, ε,α) be a multiplicative Hom-Novikov color algebra, then, for any integer
n ≥ 0,
An = (A,αn ◦ ·, ε,αn+1)
is also a multiplicative Hom-Novikov color algebra.
Corollary 3.6. Let (A, ·, ε) be a Novikov color algebra, and let β : A → A be a morphism. Then
Aβ = (A,β◦ ·,β◦α)
is a multiplicative Hom-Novikov color algebra.
In the next result, we use centroids to provide Hom-Novikov color algebra from a given one.
Proposition 3.7. Let (A, ·, ε,α) be a Hom-Novikov color algebra and let β : A → A be a centroid.
Then
A′ = (A,β◦ ·, ε,α)
is a Hom-Novikov color algebra.
Proof. For any x,y,z ∈ H(A),
(x ·β y) ·β α(z) = β[β(x · y) ·α(z)] = β[(β(x) · y) ·α(z)]
= ε(y,z)β[(β(x) · z) ·α(y)] (by (3.1)
= ε(y,z)β[β(x · z) ·α(y)]
= ε(y,z)(x ·β z) ·β α(y).
Next,
(x ·β y) ·β α(z)−α(x) ·β (y ·β z)− ε(x,y)
(
(y ·β x) ·β α(z)−α(y) ·β (x ·β z)
)
=
= β[β(x · y) ·α(z)]−β[α(x) ·β(y · z)]− ε(x,y)
(
β[β(y · x) ·α(z)]−β[α(y) ·β(x · z)]
)
= β[(β(x) · y) ·α(z)]−β[α(x) · (β(y) · z)]− ε(x,y)
(
β[(β(y) · x) ·α(z)]−β[α(y) · (β(x) · z)]
= (β(x) ·β(y)) ·α(z)−β(α(x)) · (β(y) · z)− ε(x,y)
(
(β(y) ·β(x)) ·α(z)−β(α(y)) · (β(x) · z)
= (β(x) ·β(y)) ·α(z)−α(β(x)) · (β(y) · z)− ε(x,y)
(
(β(y) ·β(x)) ·α(z)−α(β(y)) · (β(x) · z)
)
= 0.
The left hand side vanishes by (3.2). Thus A′ is a Hom-Novikov color algebra. 
Now we have the following statement.
Lemma 3.8. Let (A, ·, ε,α) be a Hom-Novikov color algebra. For all x,y,z ∈ H(A), we have
ε(z, x)[x,y] ·α(z)+ ε(x,y)[y,z] ·α(x)+ ε(y,z)[z, x] ·α(y) = 0, (3.4)
ε(z, x)α(x) · [y,z]+ ε(x,y)α(y) · [z, x]+ ε(y,z)α(z) · [x,y] = 0, (3.5)
where [x,y] = x · y− ε(x,y)y · x.
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Proof. For any x,y,z ∈ H(A), one has
ε(z, x)[x,y] ·α(z) = ε(z, x)(x · y) ·α(z)− ε(z, x)ε(x,y)(y · x) ·α(z),
and
∑
x,y,z
ε(z, x)[x,y] ·α(z) = ε(z, x)(x · y) ·α(z)− ε(z, x)ε(x,y)(y · x) ·α(z)+ ε(x,y)(y · z) ·α(x)
−ε(x,y)ε(y,z)(z · y) ·α(x)+ ε(y,z)(z · x) ·α(y)− ε(y,z)ε(z, x)(x · z) ·α(y)
= ε(z, x)
(
(x · y) ·α(z)− ε(y,z)(x · z) ·α(y)
)
+ ε(x,y)
(
(y · z) ·α(x)
−ε(z, x)(y · x) ·α(z)
)
+ ε(y,z)
(
(z · x) ·α(y)ε(x,y)− (z · y) ·α(x)
)
.
The left hand side vanishes by (3.1). Similarly, one has
∑
x,y,z
ε(z, x)α(x) · [y,z] = ε(z, x)α(x) · (y · z)− ε(z, x)ε(y,z)α(x) · (z · y)+ ε(x,y)α(y) · (z · x)
−ε(x,y)ε(z, x)α(y) · (x · z)+ ε(y,z)α(z) · (x · y)− ε(y,z)ε(x,y)α(z) · (y · x)
= ε(z, x)
(
α(x) · (y · z)− ε(x,y)α(y) · (x · z)
)
+ ε(x,y)
(
α(y) · (z · x)
−ε(y,z)α(z) · (y · x)
)
+ ε(y,z)
(
α(z) · (x · y)− ε(z, x)α(x) · (z · y)
)
.
By axiom (3.2),
∑
x,y,z
ε(z, x)α(x) · [y,z] = ε(z, x)
(
(x · y) ·α(z)− ε(x,y)(y · x) ·α(z)
)
+ ε(x,y)
(
(y · z) ·α(x)
−ε(y,z)(z · y) ·α(x)
)
+ ε(y,z)
(
(z · x) ·α(y)− ε(z, x)(x · z) ·α(y)
)
= ε(z, x)[x,y] ·α(z)+ ε(x,y)[y,z] ·α(x)+ ε(y,z)[z, x] ·α(y).
Which vanishes by (3.4). Thus the conclusion holds. 
We are now ready to state the theorem.
Theorem 3.9. Let (A, ·, ε,α) be a Hom-Novikov color algebra. Then HL(A) = (A, [−,−], ε,α) is a
Hom-Lie color algebra, with [x,y] = x · y− ε(x,y)y · x, for all x,y ∈ H(A).
Proof. Let x,y,z be any three homogeneous elements in A,
ε(z, x)[α(x), [y,z]] = ε(z, x)α(x) · [y,z]− ε(z, x)ε(x,y+ z)[y,z] ·α(x).
Then
∑
x,y,z
ε(z, x)[α(x), [y,z]] = ε(z, x)α(x) · [y,z]− ε(z, x)ε(x,y+ z)[y,z] ·α(x)+ ε(x,y)α(y) · [z, x]
−ε(x,y)ε(y,z+ x)[z, x] ·α(y)+ ε(y,z)α(z) · [x,y]− ε(y,z)ε(z, x+ y)[x,y] ·α(z)
= ε(z, x)α(x) · [y,z]+ ε(x,y)α(y) · [z, x]+ ε(y,z)α(z) · [x,y]
−ε(x,y)[y,z] ·α(x)− ε(y,z)[z, x] ·α(y)− ε(z, x)[x,y] ·α(z).
By Lemma 3.8, the left hand side vanishes. 
The below result is the color version of Proposition 3.4 and Proposition 3.5 of [38].
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Proposition 3.10. If (A, ·, ε,α) is
(1) an involutive multiplicative Hom-Novikov color algebra, then (A,α ◦ ·, ε) is a Novikov color
algebra.
(2) a regular Hom-Novikov color algebra, then (A, [−,−]α−1 = α−1 ◦ [−,−], ε) is a Lie color alge-
bra, where [x,y] = x · y− ε(x,y)y · x, for all x,y ∈ H(A). In particular, if α is an involution,
then (A, [−,−]α = α◦ [−,−], ε) is a Lie color algebra.
Proof. It is straightforward. 
Theorem 3.11. Let (A, ·, ε,α) be a commutative Hom-Novikov color algebra equiped with an av-
eraging operator ∂. Then A is a Hom-Novikov color algebra with respect to the multiplication
∗ : A×A → A defined by
x∗ y := x ·∂(y)
and the same twisting map α.
Proof. We have to prove conditions (3.1) and (3.2) for ∗. For any x,y,z ∈ H(A),
(x∗ y)∗α(z) = (x ·∂(y))∗α(z) = (x ·∂(y))∂(α(z)) = (x ·∂(y))α(∂(z) = α(x) · (∂(y) ·∂(z))
= ε(y,z)α(x) · (∂(z) ·∂(y)) = ε(y,z)(x ·∂(z)) ·α(∂(y)) = ε(y,z)(x ·∂(z)) ·∂(α(y))
= ε(y,z)(x ·∂(z))∗α(y) = ε(y,z)(x∗ z)∗α(y).
Next,
(x∗ y)∗α(z)−α(x)∗ (y∗ z) = α(x) · (∂(y) ·∂(z))−α(x) ·∂(y ·∂(z))
= α(x) · (∂(y) ·∂(z))−α(x) · (∂(y) ·∂(z))
= 0.
Echanging the role of x and y, it follows that
(x∗ y)∗α(z)−α(x)∗ (y∗ z) = ε(x,y)
(
(y∗ x)∗α(z)−α(y)∗ (x∗ z)
)
= 0.
This completes the proof. 
Theorem 3.12. Let (A, ·, ε,α) be a commutative Hom-associative color algebra and ∂ : A → A be
an even derivation commutating with α. Then the quadruple (A,∗, ε,α) is a Hom-Novikov color
algebra with respect to the product
x∗ y := x ·∂(y),
for all x,y ∈ H(A).
Proof. For all x,y,z ∈ H(A), and by (3.3),
(x∗ y)∗α(z) = (x ·∂(y)) · (∂(α(z))) = (x ·∂(y)) ·α(∂(z)) = ε(y,z)(x ·∂(z)) ·α(∂(y)) = ε(y,z)(x∗ z)∗α(y).
For proving the second condition, one has
(x∗ y)∗α(z)−α(x)∗ (y∗ z) = (x ·∂(y)) · (∂(α(z)))−α(x) ·∂(y ·∂(z))
= (x ·∂(y)) · (∂(α(z)))−α(x) · (∂(y) ·∂(z))−α(x) · (y ·∂2(z))
= −α(x) · (y ·∂2(z)).
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And, by echanging the role of x and y,
(y∗ x)∗α(z)−α(y)∗ (x∗ z) = −α(y) · (x ·∂2(z)).
Then
(x∗ y)∗α(z)−α(x)∗ (y∗ z) = −(x · y) · (α(∂2(z)))
= −ε(x,y)(y · x) · (α(∂2(z)))
= −ε(x,y)α(y) · (x ·∂2(z))
= ε(x,y)
(
(y∗ x)∗α(z)−α(y)∗ (x∗ z)
)
.
This ends the proof. 
Corollary 3.13. Let (A, ·, ε) be a commutative associative color algebra, α : A → A be an algebra
morphism and D be a derivation of A commutating with α. Then (A,∗, ε,α) is a Hom-Novikov color
algebra, where
x∗ y := α(x ·∂(y))
for x,y ∈ H(A).
Proof. It comes from theorem 3.12 and Theorem 3.4 for α = idA. 
For a Hom-Lie color algebra (L, [−,−], ε,α), write Z(α(L)) for the subset L consisting of ele-
ments x such that [x,α(y)] = 0 for all x,y ∈ L. Clearly, if L is a Lie color algebra (i.e. α = id), then
Z(id(L)) = Z(L) is the center of L.
Proposition 3.14. Let (L, [−,−], ε,α) be a (multiplicative) Hom-Lie color algebra and f : L → L an
even linear map such that f ◦α = α◦ f . Define the product ∗ : A×A → A by
x∗ y = [ f (x),y].
Then (L,∗, ε,α) is a Hom-Novikov color algebra if and only if the following conditions hold for any
x,y,z ∈ H(A) :
f ([ f (x),y]+ [x, f (y)])− [ f (x), f (y)] ∈ Z(α(L)) (3.6)
and
[ f ([ f (x),y]),α(z)] = ε(y,z)[ f ([ f (x),z]),α(y)] (3.7)
Proof. It is clear that α is a morphism with respect to ∗. Then the condition (3.2) for the multipli-
cation ∗ means
[ f ([ f (x),y]),α(z)]− [ f (α(x)), [ f (y),z]] = ε(x,y)[ f ([ f (y), x]),α(z)]− ε(x,y)[ f (α(y)), [ f (x),z]].
Using the fact that f commutes with α and the ε-skew-symmetry of the bracket [−,−],
[ f ([ f (x),y])+ f ([x, f (y)]),α(z)] = [α( f (x)), [ f (y),z]]+ ε(x,y)ε(x,z)[α( f (y)), [z, f (x)]]
= −ε(x+ y,z)[α(z), [ f (x), f (y)]].
The last equality follows form the ε-Hom-Jacobi identity. Thus, condition (3.2) holds for the mul-
tiplication ∗ if and only if
[ f ([ f (x),y]+ [x, f (y)])− [ f (x), f (y)],α(z)] = 0.
Which is equivalent to (3.6). The condition (3.7) is simply a restatement of (3.1) for the multiplica-
tion ∗. This ends the proof. 
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Corollary 3.15. Let (L, [−,−], ε,R,α) be a (multiplicative) Hom-Lie Rota-Baxter color algebra of
weight zero such that
[R([R(x),y]),α(z)] = ε(y,z)[R([R(x),z]),α(y)].
Then (L,∗, ε,α) is a Hom-Novikov color algebra.
Proof. It comes from Lemma 2.21. 
The following proposition is proved by direct computation.
Proposition 3.16. Given two Hom-Novikov algebra (A1, ·1,α1) and (A2, ·2,α2), there is a Hom-
Novikov algebra (A1⊕A2, ·,α1⊕α2), where
(α1⊕α2)(x1 + x2) := α1(x1)+α2(x2) (3.8)
(x1, x2) · (y1,y2) := (x1 ·1 y1, x2 ·2 y2) (3.9)
(3.10)
Now we have the following theorem.
Theorem 3.17. Let (A, ·, ε,αA) be a commutative Hom-associative color algebra and (S ,∗, ε,αS ) be
a Hom-Novikov color algebra. Then (S ⊗A,⋆,αS⊗A) is a Hom-Novikov color algebra, with
αS⊗A = αS ⊗αA,
(x⊗a)⋆ (y⊗b) = ε(a,y)(x∗ y)⊗ (a ·b),
for all x,y ∈ H(S ),a,b ∈ H(A).
Proof. To simplify the typography, we omit the subscripts A and S and write α(x) and α(a) instead
of αS (x) and αA(a) respectively. First, for all x,y,z ∈ H(S ),a,b,c ∈ H(A), we have
[(x⊗a)⋆ (y⊗b)]⋆ (α(z)⊗α(c)) = ε(a,y)[(x∗ y)⊗ (a ·b)]⋆ (α(z)⊗α(c))
= ε(a+b,z)ε(a,y)(x∗ y)∗α(z)⊗ (a ·b) ·α(c)
= ε(a,z)ε(b,z)ε(a,y)(x∗ y)∗α(z)⊗ (a ·b) ·α(c),
and
(α(x)⊗α(a))⋆ [(y⊗b)⋆ (z⊗ c)] = ε(b,z)(α(x)⊗α(a))⋆ [(y∗ z)⊗ (b · c)]
= ε(b,z)ε(a,y+ z)α(x)∗ (y∗ z)⊗α(a) · (b · c)
= ε(b,z)ε(a,y)ε(a,z)α(x)∗ (y∗ z)⊗α(a) · (b · c).
Next, let us prove axiom (3.1) for ⋆.
[(x⊗a)⋆ (y⊗b)]⋆ (α(z)⊗α(c))− ε(y+b,z+ c)[(x⊗a)⋆ (z⊗ c)]⋆ (α(y)⊗α(b)) =
= ε(a,z)ε(b,z)ε(a,y)(x∗ y)∗α(z)⊗ (a ·b) ·α(c)
−ε(y+b,z+ c)ε(a,y)ε(c,y)ε(a,z)(x∗ z)∗α(y)⊗ (a · c) ·α(b)
= ε(a,z)ε(b,z)ε(a,y)ε(y,z)ε(b,c)(x∗ z)∗α(y)⊗ (a · c) ·α(b) (by (3.1) and (3.3))
−ε(y,z)ε(y,c)ε(b,z)ε(b,c)ε(a,y)ε(c,y)ε(a,z)(x∗ z)∗α(y)⊗ (a · c) ·α(b)
= 0.
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Now let us prove axiom (3.2) for ⋆. Let us set
D(x,a,y,b,z,c) = [(x⊗a)⋆ (y⊗b)]⋆ (α(z)⊗α(c))− (α(x)⊗α(a))⋆ [(y⊗b)⋆ (z⊗ c)]
= ε(a,z)ε(b,z)ε(a,y)(x∗ y)∗α(z)⊗ (a ·b) ·α(c)
−ε(b,z)ε(a,y)ε(a,z)α(x)∗ (y∗ z)⊗α(a) · (b · c)
= ε(a,z)ε(b,z)ε(a,y)[(x∗ y)∗α(z)−α(x)∗ (y∗ z)]⊗ (a ·b) ·α(c) (by (2.1)).
Then
D(x,a,y,b,z,c)− ε(x+a,y+b)D(y,b, x,a,z,c) =
= ε(a,z)ε(b,z)ε(a,y)[(x∗ y)∗α(z)−α(x)∗ (y∗ z)]⊗ (a ·b) ·α(c)
−ε(x+a,y+b)ε(b,z)ε(a,z)ε(b, x)[(y∗ x)∗α(z)−α(y)∗ (x∗ z)]⊗ (b ·a) ·α(c).
By ε-commutativity,
D(x,a,y,b,z,c)− ε(x+a,y+b)D(y,b, x,a,z,c) =
= ε(a,b)ε(a,z)ε(b,z)ε(a,y)[(x∗ y)∗α(z)−α(x)∗ (y∗ z)]⊗ (b ·a) ·α(c)
−ε(x+a,y+b)ε(b,z)ε(a,z)ε(b, x)[(y∗ x)∗α(z)−α(y)∗ (x∗ z)]⊗ (b ·a) ·α(c).
The right hand side vanishes by (3.2). 
4 Hom-quadratic Hom-Novikov color algebras
Likewise Hom-quadratic Hom-associative color algebras, Hom-quadratic Hom-Lie color algebras
[2] and quadratic Hom-Novikov algebra [38], we introduce here the Hom-quadratic Hom-Novikov
color algebras and study their various twisting.
Definition 4.1. A Hom-quadratic Hom-Novikov color algebra (A, ·, ε,B,α,β) is a Hom-Novikov
color algebra (A, ·, ε,α) with a pair (B,β) where
a) β : A → A is an even linear map,
b) ε-symmetric i.e. B(x,y) = ε(x,y)B(y, x),
c) B is a nondegenerate,
d) invariant bilinear form on A i.e. B(x · y,β(z)) = B(β(x),y · z), and
e) α is B-symmetric i.e. B(α(x),y) = B(x,α(y))
When β = idA, B is said to be invariant and (A, ·, ε,α,B, id) is called quadratic Hom-Novikov color
algebra and simply denoted (A, ·, ε,α,B).
Let Auts(A,B) be the set of all automorphisms ϕ of A which satisfy B(ϕ(x),y) = B(x,ϕ(y), for all
x,y ∈ A. We call Auts(A,B) the set of symmetric automorphisms of A.
The below result allows to obtain a quadratic Hom-Novikov color algebra from a given one and
a symmetric automorphism. That is the subcategory of quadratic Hom-Novikov color algebras is
closed under symmetric automorphisms.
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Theorem 4.2. Let (A, ·, ε,α,B) be a quadratic Hom-Novikov color algebra and β be a symmetric
automorphism. Then
Aβ = (A, ·β = β◦ ·, ε,β◦α,Bβ(−,−) = B(β(−),−))
is a quadratic Hom-Novikov color algebra.
Proof. It is clear that Bβ is a bilinear form, ε-symmetric, nondegenerate (since β is an automor-
phism). Now prove that Bβ is invariant under the multiplication ·β. For any x,y,z ∈ H(A),
Bβ(x ·β y,z) = Bβ(β(x) ·β(y),z) = B(β(β(x) ·β(y)),z)
= B(β(x) ·β(y),β(z)) = B(β(x),β(y) ·β(z)) = B(β(x),y ·β z)
= Bβ(x,y ·β z).
Finally, β◦α is B-symmetric. In fact,
Bβ((β◦α)(x),y) = B((β2 ◦α)(x),y) = B((β◦α◦β)(x),y)
= B(β(x), (α◦β)(y)) = B(β(x), (β◦α)(y)) = Bβ(x, (β◦α)(y)).
This completes the proof. 
Corollary 4.3. Let (A, ·, ε,α,B) be a quadratic regular Hom-Novikov color algebra. Then (A,αn ◦
·, ε,αn+1,Bαn) is a regular Hom-Novikov color algebra and (A,αn ◦ ·, ε,αn+1,Bα), where Bα(x,y) =
B(αn(x),y), is a quadratic regular Hom-Novikov color algebra.
Proof. It follows from Theorem 3.4 and taking β = αn. 
From Hom-quadratic Hom-Novikov color algebra A to the Hom-quadratic Hom-Lie color alge-
bra associated to A.
Proposition 4.4. Let (A, ·, ε,α,B,α) be a Hom-quadratic regular Hom-Novikov color algebra. Then
(A, [−,−], ε,α,Bα(−,−) = B(α(−),−),α) is a Hom-quadratic Hom-Lie color algebra, where [x,y] =
x · y− ε(x,y)y · x for all x,y ∈ H(A).
Proof. Since B is nondegenerate and α is an automorphism, Bα is nondegenerate. The ε-symmetric
of Bα and the fact that α is B-symmetric are trivial. Thus
Bα([x,y],α(z)) = B([α(x),α(y)],α(z))
= B(α(x) ·α(y),α(z))− ε(x,y)B(α(y) ·α(x),α(z))
= B(α(x),α(y) ·α(z))− ε(y,z)B(α(x),α(z) ·α(y))
= B(α2(x),y · z)− ε(y,z)B(α2(x),z · y)
= Bα(α(x),y · z)− ε(y,z)Bα(α(x),z · y)
= Bα(α(x), [y,z])
for all x,y,z ∈ H(A). 
Corollary 4.5. Let (A, ·, ε,B) be a quadratic Novikov color algebra and α : A → A be an automor-
phism of A which is B-symmetric. Then (A, [−,−]α = α◦ [−,−],α,Bα) is a quadratic Hom-Lie color
algebra.
From quadratic Hom-Novikov color algebra to the associated quadratic Hom-Lie color algebra.
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Theorem 4.6. Let (A, ·, ε,α,B) be a quadratic Hom-Novikov color algebra. Then (A, [−,−], ε,α,B)
is a quadratic Hom-Lie color algebra, where [x,y] = x · y− ε(x,y)y · x for all x,y ∈ H(A).
Proof. Thanks to Theorem 3.9, (A, [−,−], ε,α) is a Hom-Lie color algebra. We have to prove that B
is invariant under the bracket [−,−]. For all x,y,z ∈ H(A),
B([x,y],z) = B(x · y− ε(x,y)y · x,z)
= B(x · y,z)− ε(x,y)B(y · x,z)
= B(x,y · z)− ε(x,y)ε(x+ y,z)B(z,y · x)
= B(x,y · z)− ε(x,y)ε(x+ y,z)B(z · y, x)
= B(x,y · z)− ε(x,y)ε(x+ y,z)ε(y+ z, x)B(x,z · y)
= B(x,y · z)− ε(y,z)B(x,z · y)
= B(x,y · z− ε(y,z)z · y)
= B(x, [y,z]).
This ends the proof. 
From Hom-quadratic Hom-Novikov color algebras to quadratic Novikov color algebras.
Proposition 4.7. Let (A, ·, ε,α,B,α) be a Hom-quadratic involutive Hom-Novikov color algebra.
Then (A, ·α = α◦ ·, ε,B) is a quadratic Novikov color algebra.
Proof. By Proposition 3.10, (A, ·α = α◦ ·, ε) is a Novikov color algebra. It suffises to prove that B is
invariant under ·α. For any x,y,z ∈ H(A).
B(x,y ·α z) = B(x,α(y · z)) = B(α(x),y · z) = B(x · y,α(z)) = B(α(x · y),z) = B(x ·α y,z),
which ends the proof. 
References
[1] Ammar F. and Makhlouf A., Hom-Lie and Hom-Lie admissible superalgebras, Journal of
Algebra, 324 (2010), 1513-1528.
[2] Ammar F., Ayadi I., Mabrouk S., Makhlouf A., Quadratic color Hom-Lie algebras,
arXiv:1204.5155v1, 23 April 2012.
[3] Arnlind J., Makhlouf A. and Silvestrov S., Constructions of n-Lie algebra and Hom-Nambu-
Lie algebras, Journ. Math. Phys., 52, 123502 (2011); doi: 10.1062/1.36533197.
[4] Bai C. and Meng D., On the Novikov algebra structures adapted to the automorphism structure
of a Lie group, J. Geom. Phys. 45 (2003) 105-115.
[5] Bai C. and Meng D., A Lie algebraic approach to Novikov algebras, J. Geom. Phys. 45 (2003)
218-230.
[6] Bai C. and Meng D., Transitive Novikov algebras on four-dimensional nilpotent Lie algebras,
Int. J. Theoret. Phys. 40 (2001) 1761-1768.
[7] Bakayoko I., Modules over color Hom-Poisson algebras, J. of Generalized Lie Theory Appl.,
8:1 (2014); doi:10.4172/1736-4337.1000212.
Hom-Novikov color algebras 15
[8] Bakayoko I. and Diallo O. W., Some generalized Hom-algebra structures, J. of Generalized
Lie Theory Appl., 9:226 (2015); doi: 10.4172/1736-4337. 1000226.
[9] Bakayoko I. and Toure´ B. M., Some color Hom-algebra structures, submitted.
[10] Balinskii A.A. and Novikov S.P., Poisson brackets of hydrodynamic type, Frobenius algebras
and Lie algebras, Soviet Math. Dokl. 32 (1985) 228-231.
[11] Bergen J. and Grzeszuk P., Simple Jordan color algebras arising from associative graded
algebras, Journal of Algebra, 246 (2001), 915-950.
[12] Borcherds R.E., Vertex algebras, Kac-Moody algebras, and the monster, Proc. Nat. Acad. Sci.
83 (1986) 3068-3071.
[13] Burde D., Left-symmetric algebras, or pre-Lie algebras in geometry and physics, Cen. Eur. J.
Math. 4 (2006) 323-357.
[14] Burde D., Dekimpe K., Vercammen K., Novikov algebras and Novikov structures on Lie alge-
bras, Linear Alg. Appl. 429 (2008) 31-41.
[15] Cayley A., On the theory of analytic forms called trees, Collected Math. Papers of A. Cayley
3, 242-246, Cambridge U. Press, Cambridge, 1890.
[16] Chen X.-W, Silvestrov S.D. and Oystaeyen Representations and cocycle twists of color Lie
algebras, Algebra and Representations Theory, 17 (2006), 9:633-650.
[17] Dubrovin B.A. and Novikov S.P., Hamiltonian formalism of one-dimensional systems of hy-
drodynamic type and the Bogolyubov-Whitham averaging method, Soviet Math. Dokl. 27
(1983) 665-669.
[18] Dzhumadil’daev A., Novikov-Jordan algebras, Communications in Algebra, Vol 30 (11),
2002,
[19] Filipov V.T., A class of simple nonassociative algebras, Mat. Zametki 45 (1989), 101-105.
[20] Gao X. and Xu L., Novikov color algebras and Torkten color algebra, Journal of Jilin Unver-
sity, 54, no 2 (2016).
[21] Hartwig J., Larsson D. and Silvestrov S., Deformations of Lie algebras using σ-derivations, J.
Algebra 295 (2006), 314-361.
[22] Kac V., Vertex algebras for beginners, Univ. Lecture Series 10, Amer. Math. Soc., Providence,
1998.
[23] Kim H., Complete left-invariant affine structures on nilpotent Lie groups, J. Diff. Geom. 24
(1986) 373-394.
[24] Makhlouf A. and Silvestrov S., Hom-algebra structures, J. Gen. Lie Theory Appl. 2, no2
(2008), 51-64.
[25] Makhlouf A. and Silvestrov S., Hom-Lie admissible, Hom-coalgebras and Hom-Hopf alge-
bras, in: S. Silvestrov et al.eds., Gen. Lie theory in Math., Physics and Beyond, Ch. 17, pp.
189-206, Springer-Verlag, Berlin, 2008.
16 Ibrahima Bakayoko
[26] Myung H.C., Lie-admissible algebras, Hadronic J. 1 (1978) 169-193.
[27] Myung H.C., Lie algebras and flexible Lie-admissible algebras, Hadronic Press Monographs
in Math. 1, Mas- sachusetts, 1982.
[28] Myung H.C., Okubo S., Santilli R.M., Applications of Lie-admissible algebras in physics vol.
I and II, Hadronic Press, Massachusetts, 1978.
[29] Osborn J. M., Novikov algebras, Nova J. Algebra Geom. 1 (1992), 1-14.
[30] Quingcheng Z. and Yongzeng Z., Derivations and extensions of Lie color algebra, Acta Math-
ematica Scienta, 28 (2008), 933-948.
[31] Silvestrov S. D., On the classification of 3-dimensional coloured Lie algebras, Quantum
groups and Quantum spaces, Banach Center and publications, 40 (1997).
[32] Santilli R.M., Lie-admissible approach to hadronic structure, vol. I and II, Hadronic Press,
Massachusetts, 1979.
[33] Vinberg E.B., Convex homogeneous cones, Trans. Moscow Math. Soc. 12 (1963) 340-403.
[34] Yuan L., Hom-Lie color algebras, communications in algebra, 40, no. 2 (2012), 575-592.
[35] Yau D., Hom-Novikov algebras, Journal of Physics A: Mathematical and theoretical, Vol 44
(8), 2011.
[36] Yau D., A twisted generalization of Novikov-Poisson algebras, arXiv:1010.3410v1, 17 Oct
2010.
[37] Yau D., Hom-Malcev, Hom-alternative and Hom-Jordan algebras, Int. Elect. Journ. of Alg.,
11 (2012), 177-217.
[38] Yuan L. and You H., Hom-Novikov algebras and Hom-Novikov-Poisson algebras, arXiv:
1204.6373v1, 28 Apr 2012.
[39] Zelmanov E.I., On a class of local translation invariant Lie algebras, Sov. Math. Dokl. 35
(1987), 216-218.
